The overlap operator is just the simplest of a class of Dirac operators with an exact chiral symmetry. I demonstrate how a general class of chiral Dirac operators can be constructed, show that they have no fermion doublers and that they are all exponentially local, and test my conclusions numerically for a few examples. However, since these operators are more expensive than the overlap operator, it is unlikely that they will be useful in practical simulations.
Introduction
For many years, it seemed that simulating chiral symmetry on the lattice was impossible, because of the Nielson-Ninomiya theorem [1] , which, in one form, states that it is impossible to have a Dirac operator which is local, has the correct continuum limit, hyper-cubic symmetry, no doublers, and anti-commutes with γ 5 . A method of avoiding the Nielson-Ninomiya theorem was suggested shortly afterwards, in 1982, by Ginsparg and Wilson [2] , who proposed that the smoothest way of breaking chiral symmetry on the lattice in the continuum limit is to use a Dirac operator which, rather than anti-commuting with γ 5 , satisfies the Ginsparg-Wilson relation,
I will call R the Ginsparg-Wilson function, and it plays a key role in this paper.
The Ginsparg-Wilson relation was soon forgotten as no solutions were known. After this relation was rediscovered in 1998 [3] , Martin Lüscher showed that it implied an exact symmetry of the QCD Lagrangian for any lattice Dirac operator obeying the Ginsparg-Wilson relation with a local R, and that this symmetry reduces to chiral symmetry in the continuum limit [4] . Inspired by the work of Kaplan [5] and using an infinite number of fermion fields to avoid the Nielson-Ninomiya theorem, Neuberger and Narayanan had already, a few years earlier, found a Dirac operator which satisfied the Ginsparg-Wilson relation with R = 1, namely the overlap operator [6] , which can be written in the form given in section 2, equations (13) and (14) . Non-local solutions to the Ginsparg-Wilson equation have also been found, for example in [8] , and the various fixed point actions, including the classically perfect action, [9] are known to satisfy the Ginsparg Wilson relation [3] , but in practice a truncated form of the Dirac operator has to be used, meaning that the chiral symmetry becomes inexact. Fujikawa has constructed the algebraic solutions to a particular form of a generalised Ginsparg-Wilson equation [11] . The construction of these operators requires two steps: firstly constructing an intermediate operator from the matrix sign function of a Wilson-type operator, then taking a root of that operator. Thus, these operators effectively require a nested series of roots of a matrix, meaning that they will be considerably slower than overlap fermions in practice. Werner Kerler has constructed generalised chiral lattice Dirac operators by solving a particular form of the Ginsparg Wilson relation [13] , and I discuss the relationship between his work and my own in section 5. The overlap operator, Fujikawa's and Kerler's solutions are all particular forms of my most general solution. I shall not discuss the generalisation of the Ginsparg-Wilson equation obtained by using different kernels in the matrix sign function.
Of course, not every possible Ginsparg-Wilson function R will lead to a lattice chiral symmetry. An easy, though over simplified, way of seeing this is to note that if, in an expansion in the lattice spacing, R is inversely proportional to the lattice spacing, a, (or worse) then the right hand side of equation (1) will remain constant (or diverge) rather than reduce smoothly to zero in the continuum limit. More strictly, the lattice chiral symmetry requires that {γ 5 , R} is non-vanishing and local [16] . This places a number of restrictions on the lattice Dirac operator D, such as that if it satisfies the Ginsparg-Wilson symmetry and has no doublers then it cannot be ultra-local [17] , but at best, like the overlap operator [18] , exponentially local.
I define D C as the class of possible suitable Dirac operators (local, γ 5 -Hermitian, with the correct continuum limit, and no doublers) which have their eigenvalues lying on a curve in the complex plane. It is interesting that the overlap operator, the generalisations by Fujikawa and Kerler, and the Dirac operator in the continuum are all within D C . In the continuum, the eigenvalue spectrum is a straight line along the imaginary axis; for overlap fermions, the curve is a circle. [3, 19] offer one known counterexample, and I discuss others in section 2.2. However, these Dirac operators are related to a Dirac operator within D C by a simple chirally invariant transformation. However, there are distinct homotopy classes within D C which cannot be mapped to each other by this transformation.
In section 2, I review the Ginsparg-Wilson chiral symmetry, to give the notation and tools which I will use in section 3 to construct the new Ginsparg Wilson operators and demonstrate that, with sufficiently smooth gauge fields, they are exponentially local. I test the locality numerically for a few examples in section 4 and, after outlining some generalisations to this work in section 5, I conclude in section 6.
Ginsparg-Wilson chiral symmetry

Introduction
In this section, I review the demonstration that the Ginsparg-Wilson equation implies an exact lattice chiral symmetry and gives a lattice topological charge satisfying an index theorem. This section is based on the work of Martin Lüscher [4] .
Consider the following "chiral" transformation of the fermion fields:
which for small enough α can be written as
If there is a mass-less fermionic action
where
it is trivial to demonstrate that the action is conserved under the chiral transformation if and only if the general Ginsparg Wilson relation is fulfilled
We can write R = R A +R C , where R A = (5), it is clear that, with these restrictions, R must be Hermitian. It is now possible to simplify equation (5) so that it reads
This can be associated with the continuum chiral symmetry because in the continuum limit (for suitable S and R, i.e. they are local and with the correct form in the continuum) it reduces to γ 5 D + Dγ 5 = 0. The Ginsparg-Wilson relation is usually defined with S = 1, and S can easily be absorbed into the definition of D and R. Of course, the Dirac operator must also satisfy the usual criteria for a suitable Dirac operator, namely that it is exponentially local (according to the definition D xy ≤ αe −β|x−y| for positive α and β), that the Dirac operator has no fermion doublers, and that expanding the Fourier transformed operators in the lattice spacing, a, gives
where T b are the (Hermitian) generators of the gauge group, and
represents the gauge fields. It can be shown that a Ginsparg-Wilson Dirac operator correctly resolves the U(1) anomaly by noting that the fermion measure is not invariant under this transformation:
which leads to a definition of a lattice topological index [4, 20] 
As an aside, I note that, in the continuum limit, the Yang Mills action can be written as [22]
and the electromagnetic field tensor as [23]
where c s and c f are normalisation constants. This means that all the elements of QCD and the electro-weak Lagrangians can be constructed from any Ginsparg-Wilson operator.
R can, of course, be trivially constructed algebraically for any lattice Dirac operator (assuming that its inverse exists),
but only a few possible Dirac operators will give the local R needed for the lattice chiral symmetry. It is trivial to show that inserting the Wilson Dirac operator gives a non-local R since the inverse of the Wilson operator is nonlocal and has additive mass renormalisation [24] .
One exact solution to the Ginsparg-Wilson equation, with local R, has been known for over ten years. The mass-less overlap operator [25] , given by
where ǫ is the matrix sign function, satisfies the Ginsparg-Wilson equation with R = 1. D W can in principle be any valid lattice Dirac operator with the correct continuum limit, no fermion doublers, and a suitably chosen mass term (e.g. in equation (14), any m satisfying m c < m < 2, where m c ∼ 0 is the Wilson critical mass, will suffice, although in practice m should be tuned to improve the locality of the operator). For the purposes of this work, I will use the simplest possibility, the Wilson Dirac operator, which I shall write as
∂ µ and ∂ * µ are the forward and backward lattice Dirac operators, defined as
Thus, taking the Fourier transform to obtain the momentum representation of D W , I obtaiñ
Note that in the free theory,
Using equation (16) , the momentum representation of the overlap operator can be expressed as
It is clear that, because the term inside the square root is real and greater than or equal to zero, for gauge fields which are sufficiently smooth and where D † W D W does not have an exact zero eigenvalue, the Fourier representation of the overlap operator is an analytic function of the momentum, and that the momentum is bound −π ≤ pa ≤ π. From the Paley-Weiner theorem [26] , this is enough to ensure exponential locality. Numerical experience has shown that the overlap operator remains exponentially local even when D † W D W has a zero eigenvalue [27] .D O (p) is only zero at p = 0, meaning that it has no unwanted doublers. It is also clear that it has the correct continuum limit. The overlap topological charge is 
Using a spectral decomposition, which is valid if D and
It is clear that equation (20) implies that 
where R ′ is some real function of the eigenvalue. Thus, in this case, the eigenvalue spectrum is constrained to a curve in the complex plane.
In the general case, the eigenvalues of a Ginsparg-Wilson operator will not lie on a curve. For example, we can consider a Dirac operator D, defined by [28] 
where D GW ∈ D C is some Ginsparg-Wilson operator obeying the relation
and T is some local operator which commutes with γ 5 , satisfies the correct continuum limit and whose inverse both exists and is local. In the context of the renormalisation group and the fixed point action, T is equivalent to a change in the blocking procedure used to modify the lattice spacing. Given that T is invertible, D will satisfy a Ginsparg-Wilson equation
For every vector satisfying D GW |ψ = 0 there will be a vector T −1 |ψ which is a zero eigenvector of D. Otherwise there will (in general) be no relation between the eigenvalues and eigenvectors of D and D GW unless T commutes with D GW or is unitary. Every particular Ginsparg-Wilson operator is related to at least one operator within the class D C by some transformation T . The index of the Dirac operator is unchanged:
Not every operator within D C can be mapped to every other operator in D C . To move from one Dirac operator to another which commutes with it, it is necessary to use a transformation T which commutes with both Dirac operators, and both R functions. In some cases R might have some zero eigenvalues, and the transformation needed to increase the number of zero eigenvalues of R is not invertible.
Additional solutions to the Ginsparg-Wilson equation
Consider the Dirac operator
where r[x] is some real, positive, and analytic function (which, as I shall demonstrate, is enough to ensure locality), and which satisfies
The condition given in equation (29) ensures that, for a suitable choice of D W , such as the one given in equation (14), the operator has the correct continuum limit and no doublers. It is trivial to show that because r commutes with both γ 5 and ǫ, D r is γ 5 -Hermitian. Furthermore, it satisfies the Ginsparg-Wilson relation with
From equation (16) , I obtaiñ
It is clear that if the gauge field A and the function r are analytic and D † W D W has no zero eigenvalues, then the Fourier representation of the Dirac operator is analytic. Therefore, using the same argument as for the overlap operator, it is exponentially local. It is also clear, given equation (29) , that these Dirac operators have the correct continuum limit and that the doublers have infinite mass. In the momentum representation,R is given bỹ
There is potentially a pole inR r at 1 + r[x] 2 + 2r[x]x = 0 or, equivalently, at r = −x + √ x 2 − 1. Since r and x are both real, −1 ≤ x ≤ 1 and r is positive, the pole cannot contribute for any x = −1. ExpandingR r around x = −1 gives
Therefore,R r has a smooth limit to x = −1 and does not diverge.B(p) is always real and positive (again assuming analytic r, A and that D † W D W has no exact zero eigenvalues), soR r is analytic, and R r will (at worst) fall of exponentially with distance. Thus both the Dirac operator and the GinspargWilson function R r are exponentially local, and this operator should be a suitable lattice Dirac operator with chiral symmetry. Given my experience with the overlap operator, I do not expect locality to break down when D † W D W has an exact zero eigenvalue.
I now need to demonstrate that these operators have a well defined topological charge; which is most easily done by comparing the eigenvalue spectrum of this operator with that of the overlap operator. I write the non-zero modes of the Hermitian overlap operator as |ψ + and |ψ − , where the zero modes are |ψ 0 and the unpaired eigenvectors of the overlap operator with eigenvalue ±2 are |ψ 2 . Since D O and D r commute, it is easy to show, that these eigenvectors are also eigenvectors of γ 5 D r and R r . Additionally, it can be shown that
Hence,
Therefore these Dirac operators will have the same zero modes and topological charge as the overlap operator.
I note that writing the operator as r(cos θ)e iθ , which I have done in equation (28) 
Numerical tests
To test the locality of the Dirac operator D r and the Ginsparg-Wilson function R, I measured
where φ(x) is a point source. I then plot the mean value of the locality L(|x − y| = d) against d, the distance between x and y in lattice units.
The operator with r = 1/|x| mimics the continuum operator in that the eigenvalue spectrum is on two lines -one along the imaginary axis containing the physical modes, and one at a constant mass (in the continuum limit an infinite mass), containing the doublers. However, because this operator is impractical, 1 I shall use an approximation to this function. I therefore set r as the Chebyshev approximations (over the range 0.1 < x < 1) of order n − 1 of (14), but with two levels of stout smearing [30] at parameter 0.1, and with m = 1.5. I tested the locality of these operators on configurations from a 12 3 48 Dynamical overlap ensemble, with lattice spacing a ∼ 0.13fm. I apply the Dirac operator D n or Ginsparg-Wilson function R n to a unit source at x, and calculate its projection onto another unit source vector at y, averaging over x, y and configurations. The results are shown in figures 2 and 3.
It can be seen that in all cases both the Dirac operator and the GinspargWilson function are exponentially local, with the same rate of decay as the overlap operator. They are all constrained so that L D < α D e −β|x−y| and L R < α R e −β|x−y| . The value of β seems to be independent of n, and (we might successively better approximations to r all of which will be local. I also note that because R 1/|x| = 0 for the physical modes (it is not zero for the eigenvalues corresponding to the doublers; so that the Nielson-Ninomiya theorem is still avoided) the left and right chiral projectors are identical for the physical modes. Thus if this operator is local, it might be possible to use it to circumvent the CP and T violations described in [29] . However, a full discussion of this interesting topic is beyond the scope of this paper, and deserves a full treatment in a future work. conjecture) seems to be general across all possible functions r. The value of α increases with increasing n for the Dirac operator (although there is very small change for the Ginsparg-Wilson function), and does depend on r. It is possible to suspect that other forms of the Ginsparg-Wilson Dirac operator could have improved locality compared to the overlap operator.
2 It can be concluded that these Dirac operators and Ginsparg Wilson functions are, as expected, exponentially local. The various small wiggles in the curves are caused by the geometry of the lattice and the breaking of rotational symmetry.
Generalisation of the Ginsparg-Wilson Dirac operator
The proposed operator given in equation (28) can be easily generalised further. One possibility is to multiply by a function q:
where we again have the constraints that q[x] must be positive, analytic, and
(for the sake of being definite, I shall use q[±1] = 1, although the value can easily be absorbed into the fermion renormalisation constant), and, to give the correct continuum limit, restricted to q = 1 + O(a). This leads to a Ginsparg-Wilson function
and it is clear that, with q as specified, this contains no poles in the Fourier representation, so R rq will be local. We can, of course, generalise further, and consider an operator
where h(z) is analytic, positive except for z = 0 and satisfies h(0) = 0, h(2) > 0 and h(z) † = h(z † ); and t obeys the same conditions as q and r. Finally, I can choose S = 1 in equation (6), which will modify the above Dirac operator to give:
2 For the same kernel. It is known that using an improved kernel can improve the locality [31] , but this is a separate issue.
where S(z) is an analytic function satisfying S(−1) = S(1) = 1 and S(z † ) = S(z) † . Once again, from the Fourier representation, it can be shown that D rqthS and R rqthS are both exponentially local and have the correct continuum limit. Fujikawa's operators [11] are members of this class, with r = q = S = t = 1, h(z) = z 1/(2k+1) , and a particular form for the the kernel operator D W which gives the correct continuum limit.
Kerler [13] considered, at first, a alternative form of lattice chiral symmetry [29] ), and, by considering Dirac operators which are functions of V and using a spectral decomposition, he showed that operators of the form
(with the expansion around z = 0 giving the correct continuum limit; for example using D W as the kernel of the matrix sign sign function,
), W (−1) = 0, both functions are Hermitian and Finally, it is worth spending a moment considering whether it is necessary to use γ 5 ǫ to construct these operators, and not some other unitary operator u. There are several ways in which we can construct u:
A , for anti-Hermitian A.
u, of course, would have to be local and have the correct continuum limit. I have already discussed the first option. For the second option, forcing u to be local, having the correct continuum limit and being γ 5 -Hermitian will place considerable restrictions on the possible choices of C (one option is One can also, of course, transform the Dirac operators using the method outlined in section 2.2. By choosing T and T † which commute with D, we can map the eigenvalue spectrum to any closed curve (which passes through the origin to get the correct continuum limit and through two to remove the doublers). The only restriction with the mapping is caused by the number of zero modes of R; but since R rqthS has an arbitrary number of zero modes depending on the choice of functions, we can map to any possible R and hence D. will be exponentially local (in a sufficiently large volume and sufficiently smooth gauge fields), will satisfy a lattice chiral symmetry with exponentially local (or better) Ginsparg-Wilson function R with an exact index theorem, will be γ 5 -Hermitian, and will thus be a suitable lattice Dirac operator. Of course, these additional Dirac operators are more expensive to simulate than the overlap operator while it is not clear that they have any benefits over the overlap operator. Thus it is unlikely that they will have any more than theoretical interest.
Furthermore, I have shown that chiral Dirac operators fall into certain homotopy classes determined by the number of zero modes of the Ginsparg-Wilson function R. In the continuum limit, all these Dirac operators will reduce to the same, universal, operator, and it is most unlikely that this division has any physical relevance. However, it seems likely that the perfect action (the lattice action with no discretization errors) will have to fall into the same homotopy class as the continuum Dirac operator.
